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$n$ $A,$ $B\in M_{n}(\mathbb{C})$
$A\geqq B$ $\langle x,$ $Ax\rangle\geqq\langle x,$ $Bx\rangle(\forall x\in \mathbb{C}^{n})$ $A\geqq 0$ $A$
positive semidefinite
$H^{n}:= \{x=(x_{i})\in \mathbb{C}^{n}:\sum_{i=1}^{n}x_{i}=0\}$ $A\in$
$M_{n}(\mathbb{C})$ $\langle x,$ $Ax\rangle\geqq 0(\forall x\in H^{n})$ conditionally positive definite
( c.p.d.). $-A$ c.p.d. conditionally
negative definite ( c.n. $d.$ ).
$f$ : $(0, \infty)arrow(0, \infty)$ matrix monotone of order $n$ (n-monotone)
positive semidefinite $A,$ $B\in M_{n}(\mathbb{C})$ $A\geqq B\Rightarrow f(A)\geqq$
$f(B)$




( $f$ ) Loewner
$f$ : operator monotone $\Leftrightarrow L_{f(t)}(t_{1}, \ldots, t_{n})\geqq 0$ $(\forall n\in N,$ $\forall t_{i}>0$ : distinct$)$
$\Leftrightarrow f(t)=\alpha+\beta t+\int_{0}^{\infty}\frac{t}{\lambda+t}d\nu(\lambda)$
( $\alpha,$ $\beta\geqq 0,$ $\nu$ : positive measure on $(0,$ $\infty)$ )
$t_{1},$ $\ldots,t_{n}>0$
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$K_{f(t)}(t_{1}, \ldots, t_{n}):=[\frac{f(t_{i})+f(t_{j})}{t_{i}+t_{j}}]_{i,j=1}^{n}$
( $f$ ) anti-Loewner
Audenaert
Theorem (Audenaert [1])
$f$ :($0$ , oo) $arrow(O, \infty),$ $C^{1}$
(a) $K_{f(t)}(t_{1}, \ldots, t_{n})\geqq 0$ $(\forall n\in N,\forall t_{i}>0$ : distinct $)$ .
(b) $t\mapsto f(\sqrt{t})\sqrt{t}$ on $(0, \infty)$ operator monotone.
(c) $t \mapsto-\frac{f(\sqrt{t})}{\sqrt{t}}$ on $(0, \infty)$ operator monotone.
(d) $f(t)= \frac{\alpha}{t}+\beta t+\int_{0}^{\infty}\frac{t}{\lambda+t^{2}}d\nu(\lambda)$ ( $\alpha,$ $\beta\geqq 0,$ $\nu$ : positive measure on $(0,$ $\infty)$ ).
Proposition
$f$ : $(0, \infty)arrow(0, \infty)$ , differentiable, $f(0)=f’(0)=0$
$t_{1},$ $\ldots,t_{n}>0$
$K_{f(t)}(t_{1}, \ldots t_{n},t_{n+1})$ cnd. $(\forall t_{n+1}>0)$
$\Rightarrow K_{ft)}+_{t}(t_{1}, \ldots, t_{n})\geqq 0$
$\Rightarrow K_{f(t)}(t_{1}, \ldots,t_{n})$ cnd.
Proposition Audenaert Theorem
Theorem
$f$ : $(0, \infty)arrow(0^{\cdot}, \infty),$ $C^{1},$ $f(0)=f’(0)=0$
(a) $K_{f(t)}(t_{1}, \ldots,t_{n})$ c.n.d. $(\forall n\in N,$ $\forall t_{i}>0$ : distinct$)$
(b) $K\mathscr{H}(t_{1}, \ldots, t_{n})\geqq 0$ $(\forall n\in N,$ $\forall t_{i}>0$ : distinct $)$
$f(t)= \beta t^{3}+\int_{0}^{\infty}\frac{t^{3}}{\lambda+t^{2}}d\nu(\lambda)$
$\beta\geqq 0,$ $\nu$ :positive measure on $(0, \infty)$ ,
2
$f$
infinitely divisible $X=[x_{ij}]\in M_{n}(\mathbb{C})$ , $x_{ij}\geqq 0$ ,
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